1-Introduction
Small strain elastoplastic formulation of metals and polycrystalline solids based on the phenomenological plasticity models uses an additive decomposition of the total strain into its elastic and plastic parts [1, 2] . However, such decomposition is no longer valid if material is subjected to finite deformation loading path [1] . The so-called swift effect [3] , which happens in finite torsional loading of fixed cylindrical bars, is one of the cases where infinitesimal plasticity models fail to give proper predictions. An extension of the classical infinitesimal plasticity to finite deformation analysis requires proper decomposition of the deformation into its elastic and inelastic parts. Two classes of decomposition have been widely used in the literature of finite deformation plasticity [1, 4] . The first one is mainly based on the additive decomposition of the strain rate tensor while the second one uses a multiplicative decomposition of the deformation gradient.
Green and Naghdi [5] introduced a general framework of finite elastoplasticity using the thermodynamics of the continua. An additive decomposition of the Green-Lagrange strain tensor into elastic and plastic parts was used in their formulation. However, the decomposition used did not necessarily represent the plastic part of the deformation if the first part was assumed to be the exact elastic part of deformation. Recently, Sansour and Wagner [6] used an additive decompositionoftheHencky'sstraintensor.Theplasticflowruleandthe related internal plastic variables and their corresponding thermodynamics driving forces were based on the conjugate measure of the stress to the Hencky (logarithmic) strain.
Constitutive models based on the additive decomposition of the strain rate tensor into elastic and inelastic parts have been mostly employed for setting up an Eulerian rate formulation of elastoplasticity at finite deformation [7] [8] [9] [10] . A hypoelastic constitutive model relates the elastic part of the strain rate tensor to an objective rate of the Kirchhoff stress tensor while the plastic part is updated based on a specified flow rule similar to that of the infinitesimal plasticity. This class of Eulerian rate formulation entails use of objective quantities and their corresponding objective rates [11, 12] . Certain issues such as shear oscillation in the problem of simple shear [11, 13] and dissipation in closed path elastic loading [14] were observed when different objective rates of stress were used in the hypoelastic model. Sources of such issues have been associated with hypoelastic model non-integrability as a Cauchy and Green elastic material (see for example references [11, 15, 16] ). To resolve such issues, following the work of Lehmann et al. [17] , Reinhardt and Dubey [18] , and Xiao et al. [19] , a new objective rate of stress, called the D or logarithmic rate, was introduced. Furthermore, Bruhns et al. [10] investigated the integrability conditions of the classical hypoelastic model and showed that the grade zero hypoelastic model is unconditionally integrable as a Cauchy and Green elastic material when the logarithmic (D) rate is used in the model. Based on this, Bruhns et al. [10] developed a self-consistent Eulerian rate form of elastoplasticity for the finite deformation analysis of hardening materials using the logarithmic (D) rate.
The class of constitutive models using the multiplicative (Lee) decomposition [20] of the deformation gradient into its elastic and inelastic parts has also been physically well grounded based on crystal plasticity observations [4, 21, 22] . Simo [23] and Simo and Ortiz [24] used a multiplicative decomposition of the deformation gradient and derived equivalent representations for finite elastoplastic formulations in material (convected) and spatial frameworks. A hyperelastic function was used to relate the Lagrangian measure of the strain to the symmetric Piola-Kirchhoff stress tensor in the material representation of the formulation. Similarly, a hyperelastic function was used to relate the spatial metric tensor to the Kirchhoff stress tensor.
The requirement of spatial covariance entailed use of the Lie derivative of the Kirchhoff stress in the spatial formulation. The plastic flow was derived based on the assumption of maximum plastic dissipation similar to the case of infinitesimal plasticity. Furthermore, following the volumetric/deviatoric decoupling of the deformation gradient used in [25, 26] , Simo [23] and Simo and Ortiz [24] derived a decoupled volumetric/deviatoric response of their hyper-based constitutive model and showed that the general return mapping algorithm widely used in infinitesimal plasticity [4] was valid for their model integration [27] . Recent formulations based on the class of multiplicative decomposition use a hyperelastic strain energy function and relate the rotated Kirchhoff stress to the Hencky strain for the case of isotropic plasticity [28] [29] [30] . Such hyperelastic function has been shown to provide good prediction for moderately large elastic strains in metal plasticity [31, 32] . Simple algorithmic implementation of this class of constitutive models for the case of isotropic plasticity has made this class of models more popular in recent numerical implementations [29, 30] . Furthermore, the general return mapping integration method used in algorithmic implementation of the infinitesimal plasticity models can still be used for the numerical integration of this class of constitutive models [4] . Use of a "total hyperelastic" relation bypasses the need for objective rates of stress and as a result the need for a neutrally objective integration algorithm is eliminated [4] . Furthermore, since the model is based on the existence of a hyperelastic function and is consistent with the notion of Cauchy and Green elasticity, issues regarding the model non-integrability as found in "hypo-based" Eulerian rate formulation do not appear in "hyper-based" formulation of elastoplasticity.
The multiplicative decomposition has also been used in Eulerian rate formulation of elastoplasticity. Metzger and Dubey [33] decomposed the left stretch tensor into a symmetric elastic and non-symmetric plastic parts. Based on this decomposition, a modified additive decomposition of the stretching tensor into elastic and plastic parts was derived. The hypoelastic model based on the modified elastic strain rate was integrated for different objective rates of stress on the principal axis of the elastic left stretch tensor for the case of isotropic J 2 plasticity.
Results obtained were identical for all of the objective rates used in their modified model. More recently, Ghavam and Naghdabadi [34] used a modified decomposition of the Metzger and Dubey decomposition [33] for linear kinematic hardening and mixed hardening behaviours under simple shear. They showed that results were slightly affected by the type of decomposition used in their integration process for different objective rates of stress.
In this paper a new constitutive model based on the multiplicative decomposition of the right stretch tensor is introduced. The symmetric right stretch tensor is successfully decomposed into a symmetric elastic and a non-symmetric inelastic part. The rotated Kirchhoff stress is related to the Lagrangian elastic Hencky strain. The non-symmetric plastic tensor is further decomposed into an orthogonal transformation and a pure plastic stretch. Using the method of principal axes and transferring all the tensor variables onto the Lagrangian axis of the symmetric plastic stretch tensor, the model is successfully integrated with a new evolution equation for the back stress tensor. Results obtained for the problem of simple shear are identical to those of the selfconsistent Eulerian rate model introduced by Bruhns et al. [10] in which an additive decomposition of the strain rate tensor and the logarithmic rate of the Kirchhoff stress were used. Furthermore, the model is extended to predict the mixed nonlinear hardening behaviour of SUS 304 stainless steel under fixed-end finite torsional loading. Predicted results are in good agreement with those of the experimental results reported by Ishikawa [35] .
2-Continuum formulation of elastoplasticity
Assuming a particle of a deforming continuum with the initial position vector = ( , 0) at = 0 and current position vector = ( , ), the deformation gradient F can be defined as follows:
A polar decomposition of the deformation gradient results into a pure stretch and a rigid rotation of the deforming body: = = (2) in which is the orthogonal rigid rotation of the body and U and V are the right and left stretch tensors, respectively. The velocity gradient can be decomposed into its symmetric and skewsymmetric parts as follows:
in which v is the velocity of the particle, d and w are the strain rate (rate of deformation) and the material spin tensors, respectively.
For an Eulerian rate formulation of elastoplasticity, the strain rate tensor can be additively decomposed into its elastic and inelastic parts [4, 7, 8, 10, 18 ]:
Superscripts e and p refer to the elastic and plastic parts of a tensor, respectively. The elastic part of the strain rate tensor is related to an objective rate of the Kirchhoff stress through a hypoelastic constitutive model [11, 36] : * = ( ): (5) where represents the Kirchhoff stress, a superposed dot with a superscript * indicates objective rate of the corresponding tensor in an * spinning frame, is the fourth order stress-dependent hypoelasticity tensor, and the operator ":" represents the dot product of tensor variables.
Examples of objective rates are the well-known Jaumann and Green-McInnis-Naghdi rates measured in the * = = and * = =̇ spinning frames [4, 37] , respectively.
The plastic part of the strain rate tensor can be related to the shift stress tensor by specifying a proper flow rule. Use of the additive decomposition of the strain rate tensor in the constitutive model of elastoplasticity requires that the constitutive model given by (5) be integrable in the sense of Cauchy and Green elasticity [11, 15, 26, 38] . Elastic integrability conditions of rate model in equation (5) enforce the existence of a hyperelastic strain energy function for which equation (5) is derivable. In other words, for a physically acceptable additive decomposition of strain rate tensor given by equation (4), equation (5) should result into an additive decomposition of the total stress power into its elastic and plastic parts [38] . It has been shown that the logarithmic (D)
rate of stress along with a grade zero hypoelastic model of equation (5), i.e. the hypoelastic model with a constant hypoelasticity tensor, yield an unconditionally integrable model which can be used with the additive decomposition given by (4) for setting up a self-consistent Eulerian rate form of elastoplasticity [10] .
On the other hand, a multiplicative decomposition of the deformation gradient into elastic and plastic parts can also be used as follows [20] :
This decomposition is based on the assumption of an intermediate stress free configuration as shown in figure (1). Inthisfigure"n"and"n+1"refertoanytwoconsecutiveconfigurationsat time t and t+t, respectively. Using the relation =̇− 1 and taking the time derivative of equation (6), a modified additive decomposition can be found as follows:
in which =̇− 1 is the spatial elastic part of the velocity gradient, ̅ =̇− 1 is the plastic part of the velocity gradient on the intermediate plastic configuration, the term is the push-forward of the plastic part of the velocity gradient on the current configuration, and a superposed bar indicates variables on the intermediate configuration. Equation (7) defines a new type of additive decomposition for the velocity gradient as compared to equation (4) . It is clear that unlike decomposition given by (4) which is on the current Eulerian configuration, the decomposition given by (7) associates with two different configurations for the elastic and plastic part of the strain rate tensor. Pulling back equation (7) 
The modified elastic spin ̅ produces no work on the intermediate configuration due to the symmetry of ̅ . The non-symmetric Mandel stress tensor [40] is then defined by Γ ̅ = ̅ ̅ and is decomposed into symmetric and skew-symmetric parts. The modified stress power will therefore be:
̇= ̅ : ̅ + Γ ̅ sym : ̅ + Γ ̅ skew : ̅ (10) which shows that the symmetric part of the Mandel stress tensor generates power on the modified plastic strain rate while the skew-symmetric part of it generates power on the modified plastic spin [30] .
Assuming isotropic elasticity for which the principal axes of the stress and elastic stretch coincide, the eigenvectors of ̅ and ̅ coincide and as a result the skew-symmetric part of the Mandel stress tensor vanishes, i.e. Γ ̅ skew = 0. This means that the plastic spin does not dissipate energy during deformation. Furthermore, as a result of the commutative property of stress and elastic stretch and using the right polar decomposition of the elastic deformation gradient, i.e. = , the symmetric Mandel stress tensor will be modified as follows:
which shows that in isotropic plasticity the Mandel stress tensor is the same as the rotated Kirchhoff stress tensor [30] .
Setting up the dissipation inequality and assuming a hyperelastic strain energy function which defines a linear relationship between the rotated Kirchhoff stress and the Hencky elastic strain on the intermediate configuration, Weber and Anand [28] and Gabriel and Bathe [29] defined the set of constitutive equations for the 2 flow theory as follows:
Γ ̅ = Γ ̅ sym = ̅ = = : (12) in which = ln is the Lagrangian Hencky (logarithmic) elastic strain tensor and is the isotropic fourth-order elasticity tensor. The following evolution equations for the plastic internal variables were also used for the plastic intermediate configuration update [29] :
̅ : ̅ − (13) in which is the Mises plastic potential, ̇ is the consistency plastic multiplier, is the current size of the yield surface, and ̅ is the shift stress tensor. Details of numerical integration with the use of the exponential mapping algorithm for the stress and plastic intermediate configuration updates can be found in [29, 30] .
3-Proposed constitutive model of elastoplasticity
In the Lagrangian formulation of elastoplasticity based on the multiplicative decomposition a right stretch decomposition is often used. However, polar decompositions based on the left stretch tensor may also be used in constitutive models which would result into an Eulerian rate formulation (see for example Metzger and Dubey [33] , Ghavam and Naghdabadi [34] , and Reinhardt and Dubey [41] ). While the left stretch decomposition entails use of an objective rate of the Kirchhoff stress and requires a neutrally objective integration scheme, the right stretch decomposition uses a total relation between the rotated Kirchhoff stress and Hencky strain through a hyperelastic strain energy function and bypasses the need for objective rate quantities as discussed in the previous section. Multiplicative decomposition based on the right stretch tensor is employed here.
Assuming that the total symmetric right stretch tensor can be decomposed into a symmetric elastic part and a non-symmetric plastic part, one can write:
The non-symmetric plastic tensor can further be decomposed into a symmetric plastic stretch tensor and an orthogonal transformation tensor :
As a result, the modified plastic velocity gradient ̅ can be obtained as follows:
Figure (2) shows a schematic representation of the proposed decomposition: In figure ( 2), the non-symmetric plastic deformation maps the old configuration"n"ontothe stress-free intermediate plastic configuration. This mapping induces no stress in the body and is assumed to be an isochoric mapping. The symmetric elastic stretch tensor then deforms the midconfiguration into a stressed body. Finally, the rigid rotation maps the stretched body onto the currentconfiguration"n+1".
Since ̅ = ̅ + ̅ , equation (16) can be re-written as follows:
With the rotation of the Lagrangian axis of the right plastic stretch tensor, , the diagonalized form of the plastic stretch tensor can be obtained using the following transformation:
Similarly, the diagonalized plastic stretch tensor, , can be rotated back to the left plastic stretch tensor using the rotation of the Eulerian axis as follows:
= ( )( )( ) (19) in which is the rotation of the Eulerian axis of the plastic stretch tensor and is the symmetric left plastic stretch tensor satisfying:
The relation between the Lagrangian and Eulerian axes is given as follows:
= (20) and the evolution equations for the orthogonal plastic rotation and its corresponding Lagrangian and Eulerian spins are given as follows:
in which and are the spins of the Eulerian and Lagrangian triads satisfying the equality = ( )( − )( ) , respectively.
Transferring equation (17) to the Lagrangian axis of the plastic stretch tensor yields:
in which ̅ = ̅ and ̅ = ̅ are the Eulerian representations of the plastic strain rate and plastic spin, respectively. Following the method of the principal axes (see for example Reinhardt and Dubey [41] , Hill [42] , and Eterovic and Bathe [43] ), the symmetric and skew-symmetric parts of the equation (22-1) give the following relations for the diagonalized plastic stretch tensor and its corresponding Lagrangian spin:
Similarly, use of equations (22-2) and (23-2) gives the following relation for the evolution of the Eulerian spin of the plastic stretch:
in which 'saretheprincipalplasticstretches.
The rotated Kirchhoff stress, ̅ , is work conjugate to the Lagrangian Hencky strain (see for example Gabriel and Bathe [29] and Hoger [44] ) for the case of isotropic plasticity. Defining and as the Lagrangian representation of the rotated Kirchhoff stress and elastic right stretch tensors on the Lagrangian triad, we have: (25) in which a superposed double bar along with a subscript L indicate the components of a tensor on the Lagrangian axis of the plastic stretch tensor.
The Lagrangian rotated Kirchhoff stress, , can be related to the Lagrangian rotated elastic Hencky strain through a hyperelastic function as follows:
= : ( ln ̅̅̅̅ ) = : ln ( ̅̅̅̅ ) = : ln (26) In equation (26) the fourth order elasticity tensor is assumed to be isotropic. Equation (26) defines the elastic part of the proposed constitutive model on the Lagrangian axis of the plastic stretch.
The shift stress tensor on the intermediate configuration ̅ = ̅ dev − ̅ , where ̅ is the deviatoric back stress tensor and superscript dev represents the deviatoric part of a symmetric tensor, can be rotated to the Lagrangian axis of plastic stretch as follows:
The following evolution equation for the back stress tensor on the Lagrangian axis is proposed:
Similar expressions can be proposed for a nonlinear back stress evolution equation which will be discussed in the next section. In equation (28), is the hardening modulus and ̇ is the material time rate of the Lagrangian plastic Hencky strain and is related to the plastic strain rate tensor as follows:
[̇] = log [ ̅ ] ; (no sum on i and j) (29) in which log is the scaling function defined as:
; otherwise (30) A Mises plastic potential on the Lagrangian axis of plastic stretch is used here for the associative J 2 flow of plasticity:
: − = 0 (31) in which is a scalar parameter function of the equivalent plastic strain representing the current size of the yield surface.
With the assumption of maximum plastic dissipation (see for example Lemaitre and Chaboche [2] and Simo and Hughes [4] ) the plastic strain rate tensor can be related to the normal to the yield surface as follows:
̅ =̇̅ → ̅ =̇ (32) in which ̇ is the plastic multiplier which can be found from the consistency condition ̇= 0.
The Kuhn-Tucker loading/unloading conditions [4] for the proposed model will therefore be as follows:
̇=̇l og ̇≥ 0 ; ≤ 0 ; ̇= 0
The plastic spin ̅ can be related to the known kinematics parameters and will be discussed in detail in the next section.
4-Application of the proposed model to simple shear problem
As shown in figure ( 3) a cube with the unit length is subjected to shear loading at the top edge while the bottom edge is fixed. The deformation gradient of this motion is given by:
in which is the applied shear. The polar decomposition of the deformation gradient yields the followings for the rigid rotation and the total left and right stretch tensors: 
The rigid spin of the material is then given by:
The rotated Lagrangian Kirchhoff stress tensor is given by:
Use of the proposed constitutive model given in equation (26) (38) in which is the shear modulus of the material and , ℭ, and are given by [34] : ) − = 0 (40) in which is the initial yield surface size and is assumed to be constant during plastic deformation.
Plastic incompressibility requires that the third invariant of the plastic stretch tensor be 1, i.e. det = det = 1. Such an incompressibility condition specifies the following form for the diagonalized plastic stretch tensor for the case of the simple shear problem:
The rotation of the Lagrangian and Eulerian axes of the right plastic stretch tensor for the case of simple shear is given by:
= cos ( 1 ⨂ 1 + 2 ⨂ 2 ) + sin ( 1 ⨂ 2 − 2 ⨂ 1 ) = cos ( 1 ⨂ 1 + 2 ⨂ 2 ) + sin ( 1 ⨂ 2 − 2 ⨂ 1 ) (42) in which and are the angles of the Lagrangian and Eulerian axes with respect to the fixed coordinate system, respectively.
Using the proposed decomposition given by equations (14) and (15), equations (20) and (25-2) yield the followings for the rotated Lagrangian elastic stretch:
Taking the time derivative from both sides of equation (43) 
On the other hand, equations (38) and (39) yield the followings for the components of the time rate of the rotated Lagrangian elastic stretch tensor:
Therefore, the followings are derived for the material time rate of the Lagrangian rotated
Kirchhoff stress with the help of equations (44) and (45): 
The reader is referred to appendix 1 for a detail derivation of the component form of equations (44), (45), and (46) and their corresponding coefficients ℱ 1 , ℱ 2 , 1 , 2 , 1 , 2 , ℬ 1 , and ℬ 2 .
Using the proposed constitutive model for the evolution of the back stress tensor given by (28), the following differential equations are obtained for back stress tensor components: is the unit normal to the yield surface.
Use of equations (46) and (47) and the consistency condition which requires that ̇= 0 during plastic loading, the plastic multiplier can be obtained as follows: 
In summary, the governing differential equations for the problem of simple shear using the proposed constitutive model and the case of linear kinematic hardening are given as follows: 
The evolution equation (49-5) is used for the update of the Eulerian triad angle during the time integration instead of equation (24) which needs the definition of the plastic spin. This is due to the fact that the plastic spin is a function of the known kinematics variables and does not require a separate evolution equation to be specified (see appendix 1 for detailed derivation of the evolution equations).
The set of differential equations given in (49) is numerically integrated for a maximum applied shear of = 8 using a fourth-order Runge-Kutta numerical integration scheme. The amount of shear at which the plastic yielding starts is = 2 sinh ( √12 ) and the initial conditions at this amount of shear are given as follows: 
Figures (4) and (5) , and
was used for the size of the yield surface, hardening modulus, and shear modulus of the material, respectively. The stress response of the same problem using the self-consistent Eulerian rate model of Bruhns et al. [10] based on the logarithmic (D) rate is also plotted. The stress responses of the original and modified formulations by Gabriel and Bathe [29, 30] as well as the stress response of the decoupled volumetric/deviatoric model of Simo [23, 27] , are also plotted for comparison. For a detail description of the original and modified formulation of Gabriel and
Bathe the reader is referred to the Gabriel and Bathe [29] and Montans and Bathe [30] . The details of the hyper-based decoupled model of Simo and its numerical implementation can also be found in [23, 27] . Figures (6) and (7) also show the evolution of the back stress components using the proposed constitutive model and models presented in [10, 23, 27, 29, 30] . It should be noted that the back stress components of the model proposed by Simo [23] shown in figure (6) and (7) With the help of the Armstrong-Frederick nonlinear kinematic hardening model [45] , the proposed backstress evolution equation given in (28) can be modified as follows:
in which and are the A-F material parameters and ̇ is the equivalent plastic strain rate which will be defined later in this section.
The Mises flow potential given in equation (31) is extended as follows for a nonlinear mixed hardening:
in which is a scalar valued function of the equivalent plastic strain which represents the current size of the yield surface and is related to the equivalent plastic strain through an exponential form as follows [46] :
in which 0 is the initial yield surface size, is the saturation value for the subsequent yield stress, b is a material parameter which controls the rate of saturation, and = ∫̇d 0 is the accumulated equivalent plastic strain.
To derive a relation for the equivalent plastic strain, a modified plastic work is used here as follows:
̇= :̇= Σ̇ (54) in which Σ = √ 
Similar to the case of the linear kinematic hardening discussed in section 4, the governing equations given in (49) are modified as follows for the case of the nonlinear mixed hardening.
The evolution equations for the stress components remain the same as given in equations (49).
The evolution equations for the back stress tensor should be modified as follows: 
Similar to the case of linear kinematic hardening model, the governing equations given by (49) with their corresponding modified equations given by equations (52) to (58) are numerically integrated using the fourth-order Runge-Kutta method for a maximum applied shear of = 4.
The stress responses from the proposed model are plotted in figure (9) using the material parameters given in [35] for the SUS 304 stainless steel which are summarized in table (1) below.
The model prediction for the fixed-end finite torsional loading of the SUS 304 is in good agreement with the experimental data reported by Ishikawa [35] . Furthermore, a new model for the evolution of the back stress tensor was proposed on the Lagrangian axis of the plastic right stretch tensor.
The problem of simple shear was solved for the case of linear kinematic hardening. Results obtained were identical to those of the self-consistent Eulerian rate model of Bruhns et al. [10] based on the logarithmic (D) rate. Unlike the hypo-based Eulerian rate model of elastoplasticity, the proposed model does not employ any objective rate of stress.
The proposed constitutive equation was extended to a mixed nonlinear kinematic/isotropic hardening. The governing equations were integrated using the material parameters for SUS 304 stainless steel. Results were in good agreement with those of the experimental results reported by Ishikawa [35] for the fixed-end finite torsional loading of this material.
The proposed model is simple and can be used for finite deformation analysis of elastoplastic materials. Since the model refers to no rate of stress for its integration, the need for a neutrally objective time integration algorithm is bypassed. As a result, the model can be efficiently implemented for the strain space formulation of finite element method.
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Appendix 1
To derive a relation between the time rate of stress and plastic multiplier to be used for plastic integration and satisfying plastic consistency condition for the problem of simple shear, equations (38) and (39) Use of equations (38), (39) , and (43) Equations (A-7) and (A-8) can be used to find a relation for the evolution of the during plastic loading. Symmetry of requires that ̇ be also symmetric; as a result, 
